Abstract. In this work we study the cosmological perturbations in massive bigravity in the presence of non-minimal derivative couplings. For this purpose we consider a specific subclass of Horndeski scalar-tensor interactions that live on the unique composite effective metric. For the viability of the model both metrics have to be dynamical. Nevertheless, the number of allowed kinetic terms is crucial. We adapt to the restriction of having one single kinetic term. After deriving the full set of equations of motion for flat Friedmann-LemaitreRobertson-Walker background, we study linear perturbations on top of it. We show explicitly that only four tensor, two vector and two scalar degrees of freedom propagate, one of which being the Horndeski scalar, while the Boulware-Deser ghost can be integrated out.
Introduction
Cosmology became an empirical scientific discipline thanks to the high precision achieved by the cosmological observations. Owing to the increasing number of accurate cosmological data we are in a position to test fundamental physics. Based on the two fundamental pillars, the Cosmological Principle and General Relativity, we established the concordance standard model of the universe to be ΛCDM, which requires the existence of cold dark matter together with dark energy in form of a cosmological constant. The model serves as an effective cosmological model providing the best fit to current cosmological data [1] [2] [3] . In spite of this excellent agreement the discovery of some reported anomalies like the lack of power in the region of low multipoles in the Cosmic Microwave Background, the hemispherical asymmetry, the detection of large scale bulk flows and the unexpected large scale correlations might signal the failure of our fundamental assumptions [4] . On the other hand, the observed unnatural smallness of the cosmological constant is troublesome to reconcile with standard techniques of quantum field theory [5] . Its instability under quantum corrections renders the model technically unnatural.
The above mentioned observational and theoretical drawbacks has motivated attempts to explain the late time cosmic acceleration by resorting to dynamical fields or modified gravity. Modifications in form of an additional scalar field are the most extensively explored ones, since the construction of interactions is less burdensome and it naturally provides isotropic accelerated expansion [6] [7] [8] [9] [10] . The inclusion of non-trivial self-interactions for the scalar field has important implications in the cosmological applications [11] [12] [13] [14] [15] [16] [17] [18] [19] . Modifications in form of vector fields is less explored because of the difficulty of generating large scale anisotropic expansion. Nevertheless, the consideration of non-trivial self-interactions for the vector field might yield interesting cosmological consequences [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
Another interesting research line within modified gravity theories is massive gravity. Since the carrier of the gravitational force would be massive in this case, the mediated force would be Yukawa suppressed on large scales and this could yield a natural explanation of the recent cosmological acceleration. The unique mass term at the linear level was already constructed in the 1940's by Fierz and Pauli [31] . This constitutes the unique linear theory at the classical level without introducing any additional ghost degree of freedom. Even theoretically being viable, this simple linear theory gives rise to the vDVZ discontinuity [32, 33] , which reflects the fact that the massless limit of the theory yields a discrete difference to General Relativity. However, this discontinuity can be avoided by restoring non-linear interactions that become appreciable on small scales to freeze out the field fluctuations [34] . The inclusion of these non-linear interactions has to be performed in a way that maintains the Boulware-Deser ghost absent [35] , which was finally accomplished in 2010 [36] [37] [38] [39] [40] . Besides being the unique ghost-free non-linear theory of massive gravity, it is technically natural in the sense that it is not subject to strong renormalization by quantum loops [41, 42] . The potential interactions have to be tuned in a very specific way to ensure the absence of the Boulware-Deser ghost, however the one-loop contributions from the gravitons usually destabilize this special structure. Notwithstanding this detuning of the potential interactions is irrelevant below the Planck scale.
Still within the same line of quantum stability of the theory, new consistent matter couplings have been proposed in [43] [44] [45] . In order to maintain the right structure of the potential interactions at the quantum level, only very restricted matter couplings are allowed. In this context, a new non-minimal matter coupling through a very specific effective composite metric built out of the two metrics in massive (bi-)gravity was introduced. Even if this coupling reintroduces the Boulware-Deser ghost [43, 46] , it can be used as a consistent effective field theory. In fact it was argued that there is only this unique effective metric that maintains the theory ghost free up to the strong coupling scale in the metric language [47, 48] , which can be extended further in the unconstrained vielbein formulation of the theory [49] . Within the same formulation, it was pointed out that the ghost freedom might be preserved fully nonlinearly [50] . However, that this was not the case was very soon proven in [51] . Nevertheless, in the partially constrained vielbein formulation this can be indeed achieved at the price of losing local Lorentz symmetry [52] . Moreover, the matter coupling through a composite effective metric has also important implications in cosmology [43, [53] [54] [55] [56] [57] [58] . Similarly, for the dark matter phenomenology in form of dipolar dark matter it plays a crucial role [59] [60] [61] . The cosmological implications of extensions of massive gravity by scalars were already investigated in [62] [63] [64] [65] [66] [67] [68] [69] . However, in these constructions the scalar field was living on the dynamical metric. The generalization of this to the case of doubly coupled scalar field may offer richer phenomenology and avoid some of the instabilities and fine tunings considerer in the previous models [52, 70] .
The theoretical implications of this effective composite metric along the line of nonminimally coupled scalar-tensor theories were investigated in [56, 71] . The specific model considered in [71] is motivated by the proxy theory to massive gravity [18] , which is constructed by covariantizing the decoupling limit of massive gravity. The non-minimal derivative couplings are this time between the scalar field and terms that depend on the Riemann tensor and Ricci tensor of the effective composite metric. In [71] it was investigated whether or not these non-minimal derivative couplings maintain the ghost absent in the decoupling limit and on maximally symmetric backgrounds. A detailed Hamiltonian analysis of maximally symmetric space-times showed that the only consistent non-minimal derivative coupling is through a dynamical fiducial metric but without the inclusion of an additional kinetic term. If the fiducial metric is fixed, then the Hamiltonian of maximally symmetric space-times becomes highly non-linear in the lapse, which is consistent with the perturbation analysis on top of FLRW background in [56] . This is also the case for dynamical fiducial metric in the presence of an additional kinetic term. In this work we shall study the cosmological perturbations of these non-minimal derivative couplings in the scenario where both metrics are dynamical but without including the kinetic term of the fiducial metric.
Dynamical composite metric
Massive gravity theories usually involve two metrics g µν and f µν . A consistent coupling of some extra scalar field φ to both metrics simultaneously was introduced in [43] through a composite metricg µνg
Already in the original consideration of this coupling with the effective composite metric without derivatives acting on it, a perturbed ADM analysis divulged the existence of the Boulware-Deser ghost originated from an operator that involved spatial derivatives [43, 46] . However, the analysis performed in the decoupling limit revealed the ghost absence at the strong coupling scale Λ 3 . Hence, the original massive gravity theory with this non-minimal matter coupling can be considered as an effective field theory at the very least till the strong coupling scale and subsequently its phenomenological aspects can be deduced up to this scale. In addition, the absence of the Boulware-Deser ghost was proven in the mini-superspace approximation and also around exact FLRW solution since the ghostly operators are absent in the FLRW case. The simplest coupling between the scalar field and the composite metric is through the kinetic term for the scalar fieldg µν ∂ µ φ∂ ν φ. It is natural to consider more general couplings which involve derivatives of the composite metric, for instance, galileon/Horndeskilike couplings. This possibility was investigated in [56] , in which it was found that the BD ghost would arise when the metric f µν is considered to be fixed. In this paper, we relax this restriction and consider bimetric theory with both dynamical metrics g µν and f µν [71] . We consider the following action
where S EH is the Einstein-Hilbert term for g µν
Note that the Einstein-Hilbert term only contains a Ricci scalar for the g metric. For the viability of the model we are not allowed to consider an additional kinetic term for the f metric. The non-derivative potential interactions S pot of the two metrics are given by
c n e n (X) , (2.5) with X standing for X µ ν and for a matrix M µ ν , e n (M ) are the elementary symmetric polynomials defined by
where the antisymmetrization is unnormalized. We further shall consider a generalized kinetic term S kin for the scalar field φ with the composite metric
withX denoting the kinetic term of φ in terms of the composite metric
The most important ingredient of our action is the non-minimal derivative coupling of the scalar field with the composite metric in S der . Motivated by the covariantization of the decoupling limit of massive gravity we shall consider the proxy theory living on the composite metric [71] ,
9) which can be also thought of as the derivative interactions for the two metrics, where
are the Ricci scaslar, Einstein tensor and the double dual Riemann tensor associated withg µν , respectively.∇ µ is the covariant derivative adapted tog µν . The "double dual Riemann tensor" for a metric g µν is defined as
In the following we will study this action on FLRW background and establish our parametrization for linear perturbations.
Cosmological parametrization
In this section we shall determine the full set of equations of motion that dictates the evolution of spatially flat FLRW background in the presence of an additional scalar field that couples via derivative couplings to the composite effective metric. After introducing our cosmological parametrization in this section, we shall analyze the linear tensor, vector and scalar perturbations on top of this background in the next section. We shall particularly show, that the nonminimal coupling between the Horndeski field and massive gravity through the composite metric does not reintroduce the BD ghost. We parametrize the two metrics g µν and f µν to be
where N , a, N f and a f are functions of time only, and the matrix exponentials are defined
Throughout this paper, spatial indices are raised and lowered by δ ij and δ ij . We further decompose (with
3)
with
, etc, and
Accordingly, it is convenient to parametrize the composite metric to bẽ
Similar to (3.3)-(3.6), we may also decomposẽ
etc., where n denotes the order in {A,
At the linear order, we have, for the scalar modes,Ã
14)
for the vector modes,S 17) and for the tensor modesh
For later convenience, for any quantity q, we denotė
for short. The background equations of motion can be determined by requiring the vanishing of the first order action of A, ζ, ϕ, ψ and δφ, which is given by
The set of equations of motion are thus given by 24) where the Hubble parameter H is defined to be H ≡ȧ/a ≡ 1 N a da dt . In the above,
where we have introduced
for later convenience, and
and
The equation of motion for the scalar field is given by 
Cosmological perturbations
Using the irreducible representation of the perturbation on top of FLRW background introduced in the previous section, we are now at the position to study the stability analysis of cosmological perturbations. We shall investigate the tensor, vector and scalar perturbations separately. We shall start with the transverse traceless part of the metric fluctuations. The quadratic action for the two tensor perturbations h ij and γ ij is given by
whereh ij is a shorthand forh
(1) ij in (3.18), i.e., the linear combination of h ij and γ ij
and furthermore we have introduced the following short-cut notations for convenience,
together with
In difference to the standard equation for gravitational waves in General Relativity, we have an additional massive tensor mode. The propagation speed of the tensor modes can be different from the speed of light, even though observations are quite restrictive. One has to impose the absence of ghost and gradient instabilities. In our case this will be equivalent to imposing ghh > 0 and whh > 0.
Similarly, we can study the stability conditions for the vector perturbations after integrating out the non-dynamical ones. The quadratic action for the four vector modes S i , F i , σ i and ξ i is given by
where similar toh ij in (4.1),S i andF i should be understood as the linear combinations of S i and σ i , F i and ξ i through (3.17), respectively. In (4.6), M 2 is given in (4.5) and we also introduce
with b 2 given in (3.30) for short. Since the vector modes S i and σ i have no dynamics in (4.6), we may solve them in terms of F i and ξ i and arrive at the reduced action for F i and ξ i , which is given by
where
(4.9)
From (4.8) it is transparent that there are two vectorial degrees of freedom giving that β = 0, which can be identified as F i − ξ i . For the stability condition we have to impose G v > 0. Last but not least we study now the linear stability of the scalar modes in our model. Initially we have 9 scalar modes, of which four (A, B, ζ and E) are from g µν , four (ϕ, ω, ψ and χ) are from f µν , and one is the perturbation of the scalar field δφ. In order to simplify the calculation, we choose a gauge in which δφ = E = 0. In the residual 7 modes, only 2 modes are dynamical, which can be conveniently chosen to beζ (1) as in (3.14) andẼ (1) with E = 0 as in (3.15), respectively. After some manipulations, the final quadratic action for these two scalar modes takes the following general structure
The explicit expressions for the coefficients G 11 etc. are too involved to be presented in the main text. In Appendix A we describe the details in deriving (4.10) as well as the full expressions for the coefficients. As one can see, the would-be Boulware-Deser ghost does not propagate and could be integrated out. Only two scalar fields are dynamical, one of which comes from the matter field itself. This is in complete agreement with the findings in [71] .
The hamiltonian analysis in the mini-superspace in [71] revealed that non-minimal derivate couplings in massive bigravity with both metrics being dynamical and without the presence of the kinetic term for the f metric does not reintroduce the Boulware-Deser ghost below the strong coupling scale. Our cosmological perturbations analysis here affirmed the same conclusion and is supplementary to the analysis in [71] .
Conclusion
This paper was dedicated to the detail analysis of cosmological perturbations in massive bigravity in the presence of non-minimal derivative couplings of the composite effective metric to a Horndeski scalar field. After working out the governing background equations of motion we payed special attention to the stability analysis of tensor, vector and scalar perturbations. The tensor perturbations showed the presence of four propagating tensor modes and we have seen which dynamical quantities have to be constrained in order to avoid ghost and gradient instabilities. Similarly, the analysis of vector perturbations disclosed that out of naively counted four vector modes only two of them are actually dynamical. The absence of ghost and gradient instabilities required this time the condition G v > 0 on the background dynamics. Finally, the analysis of scalar perturbations resulted in two propagating scalar modes and hence reinforcing the fact that the Boulware-Deser ghost is not excited.
In this work, we considered a uniform composite metricg µν in (2.7) and (2.9) for simplicity. It would be interesting to investigate the case with different composite metrics for each non-minimal derivative coupling terms, such as those in [56] . A special case is just the bigravity with composite metric appearing only in the kinetic term of the scalar fieldX [57] , which yields a viable theory. On the other hand, in light of the analysis in [71] , the healthiness of theories with different composite metrics for each non-minimal coupling terms still remains an open question. 
A Details in quadratic action for the scalar modes
In this appendix we provide the details in deriving (4.10). After fixing the gauge δφ = E = 0, in the quadratic action for the residual 7 scalar modes S 2 [A, B, ϕ, ω, ζ, ψ, χ], four modes A, B, ϕ and ω have no explicit time derivatives and thus can be integrated out. We thus get the quadratic action for 3 variables {ζ, ψ, χ} or more conveniently {ζ,ζ,Ẽ}, whereã andẼ are given in (3.14) and (3.15) after setting E = 0. The quadratic action is given by
where we defined
and coefficients A 1 , · · · , A 15 in (A.1) are given by
whh , (A.8)
whh , (A.9)
, (A.10)
fÃζ, (A.14) .17) In the above, C 1 , · · · , C 8 are given by The advantage of using {ζ,ζ,Ẽ} is that in (A.1) ζ has no time derivative explicitly and thus can be further integrated out. To summarize, the final quadratic action for ζ ,Ẽ can be written as 
